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I Introduction to stable matching problems and its applications

I Special features in resident allocation:
(Scottish Foundation Allocation Scheme)

I Special features in college admissions:
(Hungarian higher education matching scheme)

I Kidney exchanges (UK kidney exchange program)

I What is Computational Social Choice?



Stable marriage problem by Gale and Shapley [1962]

“College admission and the stability of marriage”
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“Each person ranks those of
the opposite sex in accordance
with his or her preferences for a
marriage partner.”

A set of marriages is stable, if there
is no “blocking pair”: a man and a
woman who are not married to each
other but prefer each other to their
actual mates.

Gale-Shapley 1962: The deferred-acceptance algorithm finds a
stable matching.

This matching is man-optimal.
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SM + quotas: College Admissions (CA)

The solution by the Gale-Shapley mechanism is

I fair: an application is rejected by a college only if its quota is
filled with better applicants (i.e., the matching is stable).

I student-optimal: no student could be admitted to a better
college in any other fair solution.

The automated procedure based on the Gale-Shapley algorithm is

I fast: the running time is linear in the number of applications
(10 seconds in Hungary, would be ∼1 minutes in the UK and
∼15 minutes in China).

I strategy-proof: no student can be better off by submitting
false preferences.

Economic benefit of having a coordinated system:

I Popular colleges always obtain their targeted numbers
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The Gale–Shapley algorithm in practice

Allocating residents to positions:

I National Resident Matching Program since 1952!

I and many other professions in the US and other countries...
(e.g., Scottish Foundation Allocation Scheme)

Admission systems in education:

I New York high schools since 2004,
Boston high schools since 2005

I Higher education admissions in Spain (1998)

I Higher education admissions in Hungary since 1996

I Secondary school admissions in Hungary since 2000
(Original Gale–Shapley model and algorithm!)
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Scottish Foundation Allocation Scheme

Couples can submit joint preference lists since 2009 in SFAS and
since the nineties in the National Resident Matching Program.







Hospitals / Residents problem with couples
Applicants: Bill Adam and Eve
1st choice: Queens (Memorial, Queens)
2nd choice: Memorial

the ranking of NY Queens Hospital: Eve, Bill
the ranking of NY Memorial Hospital: Bill, Adam

Roth (1984): Stable solution may not exist.

Ronn (1990): The related decision problem is NP-complete.

Biró-Irving-Schlotter (2011): NP-complete even for master lists.

Biró-Manlove-McBride (2014): NP-complete even for preference
lists of length 2 on both sides.

Heuristics are used in the applications...

————————————————
I P. Biró, R.W. Irving and I. Schlotter, Stable matching with couples – an empirical study. ACM Journal of

Experimental Algorithmics, 16: Article number 1.2, 2011.
I P. Biró, I. McBride and D.F. Manlove. The Hospitals / Residents problem with Couples: Complexity and

Integer Programming models. In Proceedings of SEA 2014: the 13th International Symposium on
Experimental Algorithms, volume 8504 of Lecture Notes in Computer Science, pages 10-21, Springer, 2014
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Biró-Irving-Schlotter (2011): NP-complete even for master lists.
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NP-hard problems, complexity theory
For an NP-hard problem there exist no polynomial time algorithm
to solve it, unless P=NP. (If we could solve an NP-hard problem in
polynomial time then we could solve every problem in NP in
polynomial time. This is very unlikely...)

I M.R. Garey and D.S. Johnson. Computers and intractability. A guide to the theory of NP-completeness.
Macmillan Higher Education, 1979.
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NP-hard problems, complexity theory

If a problem turns out to be NP-hard, then we can still

I specify the settings when the problem is still tractable
(bipartite graphs, bounded length lists, etc.)

I give an exact algorithm (exponential time, but terminating for
small/sparse instances)

I investigate whether there is a fixed-parameter tractable (FPT)
algorithm, e.g. with running time 2|c| × p(n)

I give polynomial time algorithms with good approximation
guarantees

I engineering (experimental) approach: construct heuristics
with good performance on realistic instances

I use integer programming or other robust optimisation
techniques



Roth-Peranson (1999) heuristic used in NRMP



New heuristics tested with simulations

Heuristics compared:

I Roth-Peranson: algorithm used in NRMP since 1998

I Biró-Irving-Schlotter: algorithm used in SFAS since 2009

I Biró-Fleiner-Irving: new approach by Scarf algorithm

Number of couples
Algorithm 12 25 50 75 100 125 150 175 200 225 250

Roth-Peranson 952 897 701 547 395 277 170 83 41 9 3
Best heuristics in B-I-S 976 958 911 870 811 752 682 546 281 71 10
Scarf (int. solution) 895 813 649 532 426 356 316 261 202 174 158

————————————————
I P. Biró, R.W. Irving and I. Schlotter, Stable matching with couples – an empirical study. ACM Journal of

Experimental Algorithmics, 16: Article number 1.2, 2011.

I P. Biró, T. Fleiner and R.W. Irving, Matching couples with Scarf’s algorithm. Annals of Mathematics and
Artificial Intelligence, 77(3): 303–316, 2016.



Integer programming techniques (David Manlove’s talk)

————————————————
I P. Biró, I. McBride and D.F. Manlove. The Hospitals / Residents problem with Couples: Complexity and

Integer Programming models. In Proceedings of SEA 2014: the 13th International Symposium on
Experimental Algorithms, volume 8504 of Lecture Notes in Computer Science, pages 10-21, Springer, 2014



Hungarian higher education matching scheme

Special features:

1. ties

2. lower quotas

3. common quotas

4. paired applications

Theory: Each of the 2.-4. features makes the problem of finding a
’good’ solution NP-hard, so heuristics are used...
————————————————

I P. Biró, T.Fleiner, R.W. Irving and D.F. Manlove. The College Admissions problem with lower and
common quotas. Theoretical Computer Science 411, 3136-3153 (2010).

I P. Biró and S. Kiselgof. College admissions with stable score-limits. Central European Journal of
Operations Research, 23(4):727–741, 2015.

I K. Cs. Ágoston, P. Biró, and I. McBride. Integer programming methods for special college admissions
problems. Journal of Combinatorial Optimization 32(4), 1371-1399 (2016)



Score-limits in Spain
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Score-limits in Turkey

————————————————
I M. Balinski and T. Sönmez. A Tale of Two Mechanisms: Student Placement. Journal of Economic Theory

84, 73-94 (1999)



Score-limits in Hungary



Special feature 1: ties with equal treatment policy.
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I Students with the same score at some college

I Either all or none of them are admitted

I Stable score-limits: No score-limit can be
decreased at any college without violating its
quota. (So the last tied group is rejected!)

Biró (2007): The generalised student / college-oriented GS
algorithms produce student-optimal / pessimal stable score-limits
efficiently.

In Hungary the college-oriented version has been replaced by the
applicant-oriented version in 2007.

————————————————
I P. Biró. Student Admissions in Hungary as Gale and Shapley Envisaged. Technical Report. Dept of

Computing Science, University of Glasgow, TR-2008-291.
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Stable score-limits under different policies

I higher stable: equal treatment,
where no quota is violated
(used in Hungary)

I breaking ties with lottery

I lower stable: equal treatment,
where the quota may be
violated with the last tied group
(used in Chile)

lHA

lHC

lLC

lLA

————————————————
I P. Biró and S. Kiselgof. College admissions with stable score-limits. Central European Journal of

Operations Research, 23(4):727–741, 2015.

I I. Rios, T. Larroucau, G. Parra and R. Cominetti. College Admissions Problem with Ties and Flexible
Quotas. Working paper, 2014.

I T. Fleiner and Zs. Jankó. Choice Function-Based Two-Sided Markets: Stability, Lattice Property, Path
Independence and Algorithms. Algorithms 7(1), 32-59 (2014)



Special feature 2: lower quotas

Studies: Saxophone Trumpet
lower and upper quotas 1 ≤ · · · ≤ 1 2 ≤ · · · ≤ 2

1st applicant: Adam Adam
2nd applicant: Bill Bill

Adam’s list: Trumpet, Saxophone
Bill’s list: Saxophone, Trumpet

Biró-Fleiner-Irving-Manlove (2010): Stable matching may not
exist, and the related decision problem is NP-complete.

A natural heuristic is used in Hungary.

————————————————
I P. Biró, T.Fleiner, R.W. Irving and D.F. Manlove. The College Admissions problem with lower and

common quotas. Theoretical Computer Science 411, 3136-3153 (2010).
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Biró-Fleiner-Irving-Manlove (2010): Stable matching may not
exist, and the related decision problem is NP-complete.

A natural heuristic is used in Hungary.

————————————————
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Special feature 3: common quotas

Studies: p. CSBME s. CSBME . . . s. CSGD . . .

c. quotas: CS national quota: ≤3000

quotas: ≤ 50 ≤ 450 . . . ≤ 400 . . .

2004: 49 (78p) 474 (113p) . . . 336 (74p) . . .
2005: 51 (90p) 423 (126p) . . . 369 (77p) . . .
2006: 41 (80p) 443 (125p) . . . 321 (78p) . . .
2007: 51 (100p) 478 (120p) . . . 246 (79p) . . .

Studies: p. CSBME s. CSBME . . . s. CSGD . . .

c. quotas: CS national quota: ≤3000

c. quotas: faculty quota: ≤500 . . . ≤ 400 . . .

2008: 8 (365p) 492 (366p) . . . 165 (160p) . . .
2009: 16 (365p) 583 (373p) . . . 183 (224p) . . .
2010: 23 (384p) 572 (370p) . . . 241 (206p) . . .
2011: 24 (372p) 573 (370p) . . . 356 (200p) . . .
2012: 35 (396p) 578 (370p) . . . 40 (240p) . . .
2013: 42 (382p) 519 (370p) . . . 33 (240p) . . .
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CA with common quotas: theoretical findings

Biró-Fleiner-Irving-Manlove (2010): For nested set systems, stable
matching always exists and it can be obtained by generalised
Gale-Shapley type algorithms. Moreover, the applicant / college
-oriented versions produce the best / worst possible stable
matchings for the applicants.

Otherwise, for non-nested set systems, stable matching may not
exist and the related decision problem is NP-complete.

The set system was nested in Hungary until 2007 and then it
became non-nested...

————————————————
I P. Biró, T.Fleiner, R.W. Irving and D.F. Manlove. The College Admissions problem with lower and

common quotas. Theoretical Computer Science 411, 3136-3153 (2010).
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Special feature 4: paired applications

Students may apply for pair of MSc studies (these are special
studies for teachers). In 2010: 5,578 students applied for teachers’
studies, and 2,091 of them applied for pair of studies...

This is like the Hospitals Residents problems with couples!



Integer programming on these special features

What we have done in this paper:

I Formulated IPs to solve the problems for each of the four
special features

I Investigated some combination of these special features

I Established new lemmas to speed up the solvers

I Implemented and tested the IPs on a real data from 2008,
Hungary: the lower quotas turned out to be tractable!

Future plans:

I To integrate the IPs into a single one that can be used to
solve the real application

I Alternative IPs? Sophisticated methods? Helpful lemmas?

I Other applications? E.g. resident allocation with regional
caps, controlled school choice

————————————————
I K. Cs. Ágoston, P. Biró, and I. McBride. Integer programming methods for special college admissions

problems. Journal of Combinatorial Optimization 32(4), 1371-1399 (2016)



Integer programming techniques used for market design
Many papers on auctions and allocation problems

I N. Nisan. Bidding and allocation in combinatorial auctions. In Proceedings of ACM-EC 2000.

I E. Budish, A. Othman and T. Sandholm. Finding Approximate Competitive Equilibria: Efficient and Fair
Course Allocation. In Proceedings of AAMAS 2010.

I N. Garg, T. Kavitha, A. Kumar, K. Mehlhorn, and J. Mestre. Assigning Papers to Referees. Algorithmica,
58(1):119-136 (2010).

Most kidney exchange applications are based on IP techniques
I A.E. Roth, T. Sönmez and M.U. Ünver. Efficient Kidney Exchange: Coincidence of Wants in Markets with

Compatibility-Based Preferences. American Economic Review, 97(3), 828-851 (2007).

I D. Abraham, A. Blum and T. Sandholm. Clearing Algorithms for Barter-Exchange Markets: Enabling
Nationwide Kidney Exchanges. In Proceedings of ACM-EC 2007.

I D.F. Manlove and G. O’Malley. Paired and altruistic kidney donation in the UK: Algorithms and
experimentation. In Proceedings of SEA 2012.

Recent papers on IP methods for stable matching problems
I A. Kwanashie and D.F. Manlove. An Integer Programming approach to the Hospitals / Residents problem

with Ties. Proceedings of OR 2013, Springer, pp: 263–269, 2014.

I P. Biró, I. McBride and D.F. Manlove. The Hospitals / Residents problem with Couples: Complexity and
Integer Programming models. Proceedings of SEA 2014, vol. 8504 of LNCS, pp: 10–21, 2014.

I K. Cs. Ágoston, P. Biró, and I. McBride. Integer programming methods for special college admissions
problems. Journal of Combinatorial Optimization 32(4), 1371-1399 (2016)



Kidney exchange programs

In case of a kidney failure a patient go for

I dialysis (-)

I transplantation (+)
this can be

I cadaveric (from dead body), but there is a shortage
I living donation

But what if you have a willing donor who is incompatible with you?
Perhaps you can exchange your donor with some other patient!
Kidney exchange programs (Australia, Canada, Netherlands, South
Korea, Spain, UK, US...)
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Exchange problems with bounded lengths

Patients needing transplant exchange their incompatible donors
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Utilities of donations are determined by immunological factors

∼ cycle packing problem

set of 2-way exchanges ⇐⇒ matching in an undirected graph
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Complexity of exchange problems

exchanges
pairwise

2-3-way

maximum does exist? yes

yes

size/weight hard to find?

P NP-hard

stable does exist?

may not may not

hard to find?

P NPc

Edmonds (1967): Polynomial time algorithms for maximum size /
maximum weight matching problem.

stable pairwise exchange = stable roommates

A

B

C

D
2

3
1

21

3

23

1

Gale and Shapley (1962):
Stable matching may not exist!

Irving (1985): A stable matching can be found
in linear time, if one exists.

Abraham-Biró-Manlove (2006): The problem of minimising the
number of blocking pairs is NP-hard.

Biró-Manlove-Rizzi (2009): Finding a maximum size/weight
2-3-way exchange is NP-hard, but there is a O(2

m
2 )-time exact

algorithm. This was implemented for NHS Blood and Transplant
in 2007 and used to compute optimal solutions subsequently.

Biró-McDermid (2010): Stable 2-3-way exchange may not exist,
and the related problem is NP-complete, even for tripartite graphs.

————————————————

I P. Biró, D.F. Manlove and Romeo Rizzi. Maximum weight cycle packing in directed graphs, with
application to kidney exchange programs. Discrete Mathematics, Algorithms and Applications, 1 (4) :
499-517, 2009.

I P. Biró and E. McDermid. Three-sided stable matchings with cyclic preferences. Algorithmica, 58: 5-18,
2010.
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————————————————
I P. Biró, D.F. Manlove and R. Rizzi. Maximum weight cycle packing in directed graphs, with application to

kidney exchange programs. Discrete Mathematics, Algorithms and Applications 1(4), pp:499-517, 2009.



Complexity of exchange problems

exchanges
pairwise 2-3-way unbounded

maximum does exist? yes yes yes
size/weight hard to find? P NPc

P

stable does exist? may not may not

yes

hard to find? P NPc

P

Graph Theory folklore: The problem of finding a maximum
size/weight (unbounded) exchange is P-time solvable.

Scarf-Shapley (1972): Stable exchange always exists. A solution
can be found by the Top Trading Cycle algorithm of Gale.
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Centralised mechanism vs central planning

(re-)designed many programs, e.g.

I US resident allocations

I New England kidney exchanges

I NY and Boston school choice

Al Roth (Science, 1990): ”Note that the centralized markets
studied here do not involve central planning as it is most usually
understood, since these markets have been designed to be sensitive
to the preferences expressed by the participants, rather than to
achieve the independent objectives of a planner. What is
centralized is not the objective, but the market mechanism itself.



Computational Social Choice via matching schemes

We have an economic/social choice problem

: e.g., school choice

with

I participants

: students and schools

I possible outcomes

: matchings

+Some objective facts

(e.g., distances from the schools)

+true preferences of the players over the possible outcomes.

We shall design such rules, or mechanisms, that lead to a ’good’
solution given the objective facts and true preferences.

The mechanism may be

I decentralised (e.g., college admissions in the US)

I coordinated (e.g., college admissions in the UK)

I centralised (e.g., college admissions in Hungary and Spain)
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Computational Social Choice via matching schemes

We have an economic/social choice problem : e.g., market
with

I participants : buyers and sellers

I possible outcomes : matchings with prices

+Some objective facts (e.g., age of buyer)
+true preferences of the players over the possible outcomes.

We shall design such rules (or mechanism) that lead to a ’good’
solution given the objective facts and true preferences.

The mechanism may be

I decentralised (e.g. usual market)

I coordinated (e.g. eBay)

I centralised (e.g. US spectrum auction)
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The main questions are:

I What is a ’good’ solution?
answers by social scientists, economists, game theorists

I Is there any decentralised / coordinated / centralised
mechanism that leads to a ’good’ solution?
answers by game theorists, mechanism designers

I Can we compute a ’good’ solution efficiently via a
centralised mechanism?
answers by computer scientists, algorithm theorists
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2010- Matching in Practice network



2012: 2nd MATCH-UP workshop Budapesten



2012-2016: COST Action on Computational Social Choice



2013: Summer School on Matchings



2016-2020: COST Action on Kidney Exchange
Programmes



2016- Mechanism Design Momentum research group

Péter Biró, head Ágnes Cseh, researcher

Organised conferences last years:

I Workshop on Future Directions in Computational Social Choice,
21-22 November 2016

I 100 Years of Matching Theory in Hungary, 14 December 2016

I The 12th Workshop on Matching in Practice, 15 December 2016



Further references

Summer school on matching problems, markets and mechanisms,
Budapest 2013:
http://econ.core.hu/english/res/MatchingSchool.html

4rd Workshop on Matching Under Preferences, Boston 2017:
https://www.microsoft.com/en-us/research/event/match-up-2017/

COST Action on Computational Social Choice:
http://www.illc.uva.nl/COST-IC1205/

COST Action on European Kidney Exchanges:
http://www.cost.eu/COST Actions/ca/CA15210

The Matching in Practice network website:
http://www.matching-in-practice.eu/

My research website:
http://www.cs.bme.hu/∼pbiro/research.html


